Abstract. We show that the space of all Lelek fans in a Cantor fan, equipped with the Hausdorff metric, is homeomorphic to the separable Hilbert space. This result is a special case of a general theorem we prove about spaces of upper semicontinuous functions on compact metric spaces that are strongly discontinuous.
length functions for Lelek fans) and hair length functions for hairy arcs; see [12] and [1] . For a compact space X let USC(X) denote the set of all USC functions from X into I = [0, 1]. We topologize USC(X) by letting the hypograph distance D(f, g) for f, g ∈ USC(X) be equal to the Hausdorff distance between ↓ f and ↓ g as subsets of X × I. A space is called a Hilbert cube if it is homeomorphic to Q = I N . Yang and Zhou [16] have shown that USC(X) is a Hilbert cube if and only if X is infinite. We now define the subspace SDC(X) = {f ∈ USC(X) : f is strongly discontinuous}
of USC(X). A subset A of a Hilbert cube M is called a pseudointerior if the pair (M, A) is homeomorphic to (Q, s), that is, there is a homeomorphism h : M → Q such that h(A) = s = (0, 1)
N . The Anderson Theorem [2] states that pseudointeriors are homeomorphic to the separable Hilbert space 2 . We shall prove the following result.
Theorem 1. For a compact space X, SDC(X) is a pseudointerior in USC(X) if and only if X is dense in itself.
If X is a compact space then the cone ∆X over X is the quotient space (X × I)/(X × {0}). If C is the Cantor set then ∆C is called a Cantor fan. Let q : C × I → ∆C be the quotient mapping. If f ∈ SDC(C) then q(↓ f ) is called a standard Lelek fan, see Lelek [12] . A Lelek fan is any space that is homeomorphic to a standard Lelek fan. According to Bula and Oversteegen [3] and Charatonik [4] Lelek fans are topologically unique and can be characterized as the only smooth fans with a dense set of endpoints. Let L stand for the space of all Lelek fans that are contained in the Cantor fan, equipped with the Hausdorff metric. We derive the following result from Theorem 1.
Theorem 2. The space L is homeomorphic to Hilbert space.
Lelek fans have received a measure of attention in recent years because of the proof of Kawamura, Oversteegen, and Tymchatyn [11] that their endpoint sets are homeomorphic to complete Erdős space [10] . The uniqueness of the Lelek fan makes that the space plays a central role in characterizing complete Erdős space and similar spaces; see Dijkstra and van Mill [7] , [9] , [8] and Dijkstra [6] .
Preliminaries.
For a metric space (X, d), an x ∈ X, a subset A of X, and an ε > 0 we define the open sets
For a compact metric space (X, d), let 2 X be the family of all nonempty closed subsets in X. For A, B ∈ 2 X , their Hausdorff distance d H is defined by
is a compact metric space. The following characterization of the topology that corresponds to the Hausdorff metric is well-known. (1) if a n ∈ A n for every n, then every limit point of the sequence (a n ) n is contained in A and (2) for every a ∈ A, there exists a sequence (a n ) n in X such that a n ∈ A n for each n and lim n→∞ a n = a.
Unless stated otherwise we will assume that USC(X) and its subspaces are equipped with the hypograph topology that is generated by this metric D. An upper semicontinuous map f : X → [0, ∞) is said to be strongly
The following result can be found in [17] . 
Proposition 5. If A is a σZ-set in a Hilbert cube that contains a pseudoboundary and B is a Z-set then A \ B is also a pseudoboundary.
We shall use the following result of Zhang and Yang [17] .
Theorem 6. LIP(X) is a pseudoboundary in USC(X) provided that X is an infinite compact metric space.
We conclude this section with a few basic results about strongly discontinuous functions.
Proof. It is evident that h = min{f, g} is USC. Let (x, t) ∈ ↓ h and note that t ≤ f (x) and (x, t) ∈ ↓ g. Since g is strongly discontinuous we can select a sequence (x n ) n that converges to x such that lim n→∞ g(x n ) = t and g(x n ) > 0 for all n. Note that h(x n ) > 0 for all n. Then by the continuity of f we have Proof.
(a). Let f be strongly * discontinuous and put S = supp f . Then we have that G f is dense in ↓ f and hence
and note that then {y} × (0, f (y)] is a nonempty interval that is contained in the closure of G + f and hence (y, 0) ∈ G + f . Since f >0 is dense in S we have that S × {0} is contained in G + f and that f S is strongly discontinuous. The converse implication is a triviality.
(b). Let f be strongly discontinuous and let p :
follows if we combine this result with part (a).
(c). Let f be strongly
The metric d is called totally bounded if there is a finite ε-net for every ε > 0.
Lemma 9. If X is dense in itself and d is a totally bounded metric on X, then there exists a strongly discontinuous function
Proof. Strongly discontinuous functions on the Cantor set C exist and are called Lelek functions; see [12] . A simple construction of such a ϕ ∈ SDC(C) can be found in Dijkstra [5] : represent C by the product space {0, 1} N and put
Observe that ϕ A 1 ∈ SDC(A 1 ) and that A 1 is dense in itself by Lemma 8(c). Let A 2 be a countable dense subset of X. Then both A 1 and A 2 are homeomorphic to the space of rational numbers Q. Let h : A 2 → A 1 be a homeomorphism and put ψ = ϕ • h. Then ψ ∈ SDC(A 2 ). We define the USC-extension f : X → I of ψ by
for x ∈ X. By the same argument as used in the proof of [9, Lemma 4.8], we can show that f ∈ SDC(X).
For n ∈ N use the fact that d is totally bounded to select a finite 1/n 2 -net B n for X in the dense set A 2 . Since f (x) = ψ(x) > 0 for each x ∈ A 2 we can choose a t n > 0 such that t n < f (x) for each x ∈ B n . We can clearly arrange that t n > t n+1 for each n. Select a homeomorphism α : [0, ∞) → [0, ∞) such that α(t n+1 ) = 1/n for each n ∈ N . Then α•f is obviously also strongly discontinuous. Define g = min{1, α • f } and note that g ∈ SDC(X) by Lemma 7. Let t ∈ (0, 1]. Then there is an n ∈ N such that 1/(n + 1) < t ≤ (1/n). Observe that
Since B n+1 is a 1/(n + 1)
2 -net it is a t 2 -net and hence g ≥t is also a t 2 -net.
Proofs of the main theorems.
Throughout this section we assume that the space (X, d) is a compact metric space. We define the maps G, G : USC(X) × I → USC(X) as follows:
and
for every pair (f, t) ∈ USC(X) × I and x ∈ X. For the definition we used the fact that a USC function assumes a maximum on a compact domain. Observe that always
Note that for f ∈ USC(X) and t ∈ (0, 1] the map G (f, t) is strictly positive, and that also G 0 (f ) = f . The following result shows that LIP(X) is homotopy dense in USC(X).
Claim 10. The maps G and G are homotopies on USC(X) such that for each t ∈ (0, 1] we have G t (USC(X)) ∪ G t (USC(X)) ⊂ LIP 1/t (X).
Proof. It suffices to verify that the map G satisfies the requirements of Claim 10 as the result for G follows then immediately.
Let f ∈ USC(X), t ∈ (0, 1], and x, y ∈ X. Select a z ∈ X such that
(y, z)/t + d(x, y)/t ≤ G(f, t)(y) + d(x, y)/t and hence G t (f ) is 1/t-Lipschitz.
We proceed to show that G is continuous. Suppose that lim n→∞ (f n , t n ) = (f, t) in USC(X)×I. With the help of Lemma 3 we show that lim n→∞ G(f n , t n ) =
G(f, t).
For condition (1) of Lemma 3 we consider an arbitrary sequence (x n , r n ) n such that (x n , r n ) ∈ ↓ G(f n , t n ) and (x, r) is a limit point of the sequence. We need to show that (x, r) ∈ ↓ G(f, t), or equivalently, that r ≤ G(f, t)(x). We consider the following two cases:
Case a: t > 0. We may assume without loss of generality that t n > 0 for
Since X × I is compact we can arrange by passing to a subsequence that
Then by Lemma 3 we have that a ≤ f (z). Thus
t)(x).
Case b: t = 0. Since G(f n , 0) = f n and G(f, t) = f we may assume that every t n is positive. Again we have
We now consider two cases for condition (2) of Lemma 3. Case a: t > 0. For any (x, r) ∈ ↓ G 0 (f, t) we show that for every n ∈ N there exists an r n ∈ I such that (x, r n ) ∈ ↓ G(f n , t n ) and lim n→∞ (x, r n ) = (x, r).
Case b: t = 0. Let (x, r) ∈ ↓ G(f, t) = ↓ f . Since lim n→∞ f n = f , there exists a sequence (x n , r n ) n in X × I such that (x n , r n ) ∈ ↓ f n and lim n→∞ (x n , r n ) = (x, r).
Proof. Let g ∈ SDC(X) be a map as in Lemma 9. We define the map H : USC(X) × I → USC(X) as follows:
where G : USC(X) × I → USC(X) is the homotopy of Claim 10. By Claim 10 and Lemma 7, H(USC(X) × (0, 1]) ⊂ SDC(X). It remains to verify that the map H is continuous. To this end we first prove the following inequality: 
and g(y) ≥ t. This means that H(f, t)(y) = G (f, t)(y). Since G (f, t) is 1/t-Lipschitz we have that
Note that M k is not necessarily continuous with respect to the hypograph topology but it is continuous with respect to the topology of uniform convergence on USC(X). Put are equivalent.
Proof. The equivalence of (1) and (2) follows immediately from Lemmas 8 and 9. The implication (3) ⇒ (2) is trivial.
(4) ∨ (5) ⇒ (1). Note that pseudointeriors are dense. Assuming (4) or (5) we find for every ε > 0 an f ε ∈ SDC(X) with D(1, f ε ) < ε. Note that supp f ε is an ε-net in X that is dense in itself by Lemma 8. So ε>0 supp f ε is dense in itself and dense in X. We have that X is dense in itself.
(
Assume that X is dense in itself. By Lemmas 13 and 14 the complements of SDC(X), SDC * (X) and SDC * (X)\{0} are F σ -sets in USC(X) that are σZ-sets because of Lemma 11. Note that SDC * (X) ∩ LIP(X) = {0} and hence it follows from Proposition 5 and Theorem 6 that SDC(X), SDC * (X) and SDC(X) * \ {0} are all pseudointeriors in USC(X).
A space is called scattered if every nonempty subspace has isolated points.
Theorem 16. If X is a compact metric space then the following statements are equivalent.
Proof. (3) ⇒ (2) is trivial and for (2) ⇒ (1) note that if f ∈ SDC * (X)\{0} then supp f is not empty and dense in itself by Lemma 8(c).
(1) ⇒ (3). If X is not scattered then B = {A ⊂ X : A dense in itself} is a nonempty compactum that is dense in itself. By Theorem 15 we have that SDC * (B) and SDC * (B) \ {0} are homeomorphic to 2 . Note that by Lemma 8(c) we have supp f ⊂ B for every f ∈ SDC * (X). Define the map ψ : SDC * (X) → SDC * (B) by ψ(f ) = f D and note that it is an isometric bijection. Thus we have statement (3).
We finish by proving the result about Lelek fans. An endpoint of a space is a point that is not an internal point of some arc in the space. As in the introduction we let q : C × I → ∆C be the quotient map. Consider a standard Lelek fan q(f ) where f ∈ SDC(C). Then clearly q(G Let L ∈ L. If b / ∈ L then L ⊂ C × (0, 1] and hence the Lelek fan is contained in an arc, which is impossible. So we have b ∈ L and hence L = χ(f ) for some f ∈ USC(C). Note that f = 0 and that we need to show that G f is dense in ↓ f . Let (x, t) be an arbitrary element of ↓ f . If f (x) = 0 then (x, t) = (x, 0) ∈ G f . Let f (x) > 0 and assume that t > 0. If F is a closed subset of ↓ f such that (x, t) / ∈ F then q(F ) is a closed set in L that does not contain q(x, t) so there exists an endpoint q(a, f (a)) ∈ L \ F . Then (a, f (a)) ∈ G f \ F and we have that {x} × (0, f (x)] is contained in the closure of G f . Consequently, also {x} × [0, f (x)] is contained in G f and we may conclude that f ∈ SDC * (C).
